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a b s t r a c t

The interest in novel methods and tools for opt imizing the energy consumption in robotic systems is cur- 
rently increasing. From an industrial point of view, it is desirable to develop energy saving strategies also 
applicable to established manufacturing systems with no need for either hardware substitu tion or further 
investme nts. Within this scenario, the present paper reports a method for reducing the total energy con- 
sumption of pick-and-place manipulators for given TCP position profiles. Firstly, electromechanical mod- 
els of both serial and parallel manipulators are derive d. Then, the energy-optimal trajectories are 
calculated, by means of constant time scaling, starting from pre-scheduled trajectories comp atible with 
the actuation limits. In this manner, the robot work cycle can be energetically optimized also when the 
TCP position profiles have been already defined on the basis of technological constraints and/or design 
choices aimed at guarante eing manufacturing process efficacy/robustness. The effectiveness of the pro- 
posed procedure is finally evaluated on two simulation case studies.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction 

The development of energy efficient mechatronic systems is 
currently changing standard paradigms in the design and control 
of robotic devices. Many approaches for Energy Consumptio n
(EC) minimizatio n are found in different research fields, such as 
introduction of energy efficient equipme nts or renewable energy 
sources, optimal hardware selection and path planning , up to the 
optimization of the overall production plant [1]. Nonetheless , it 
is self-evid ent that these strategies involve substanti al invest- 
ments and are applicable on different time frames. In fact, renew- 
able energies will find a global impact in a mid/long term goal [2]
whereas novel equipments (e.g. lightweight robots [3]) might not 
be readily applied to real systems due to market constraints, such 
as costs and/or production rates. Still, most energy saving methods 
described in literature rely on either plant modification or path re- 
planning and, therefore, are realistically adopted only in the initial 
plant design process.

For instance, energy optimization for electromechan ical hard- 
ware is well investigated in e.g. [4]. In [5], a selection of off-the- 
shelf robots is made regarding their EC for a specified operation.
Many past researches concern energy-o ptimal paths and motion 
profiles, considering the system dynamics and control, see e.g.
[6–10]. In the field of autonomous robots (see e.g. [11,12]), EC 
can be regarded as a possible cost function to be minimized in 

order to determine optimal design parameters (such as gear reduc- 
tion ratios, actuator placements, etc. [13,14]).

On the other hand, for what concerns industrial applicati ons,
an effective method for optimizing an established system must 
trade off between the involved fixed costs for new equipments 
and the reduction of the variable costs for energy. Also, these 
systems are usually technologic ally optimized and liable of small 
possibilit ies for adjustment s due to quality issues. Therefore,
when a production line is in this mature lifecycle phase, it is 
surely desirable to reduce the EC while involving little changes 
and no further investments. In particular, a large possibility of 
improvem ent concerns existing robotic manufactur ing cells 
which are far from their lifecycle end and are kept productive 
without substanti al modifications.

Within this scenario, the focus of this paper is to present a novel 
and effective method for minimizing the EC of industrial robots 
characteri zed by either serial or parallel kinematic structure. The 
method can be employed for designing optimal pick-and-place 
operation s which are firstly defined on the basis of manufactur ing 
effectiven ess and/or technolo gical constrain ts (e.g. strictly sequen- 
tial assembly operation s) and are then optimized in terms of over- 
all EC. Differently from previously published solutions, the 
electrom echanical paramete rs (i.e. hardware characteristics) and 
the joint position profiles (and, conseque ntly, the end-effector 
path) are assumed as given, the only design variable being the Task 
Execution Time (TET), TO. In fact, a strong modification of the TCP 
motion law might be practicall y unfeasible, due to the intrinsic 
limitatio n of industria l controllers and due to the aforementione d
process constraints. Nonetheless , in many industrial applications 
(e.g. manipulati on or spot welding operations), the TET can be 
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assessed in order to obtain a process scheduling characterized by 
both energy-optim ality and compatibility with the cell production 
rates [15].

The concept is well described consideri ng a pick-and -place oper- 
ation performed by a 6 degrees of freedom (d.o.f.) anthropomor phic 
arm or by a common 3 d.o.f. Parallel Kinematic Machine. As qualita- 
tively depicted in Fig. 1a, let consider a time frame t 2 [0, TF], TF being
the cycle time, and let suppose the robot end effector is executing 
cyclic pick-and -place operations for t 2 [0, TO] whereas it is kept sta- 
tionary, in a configuration qa(TO), for t 2 [TO, TF] (idle time). Suppose 
the handled object is carried for t 2 [TA, TB] � [0, TO], whereas the ro- 
bot homing motion is performed for t 2 [TB, TO] (homing time).

The overall EC during the operation is depicted in Fig. 1b as a
function of TET. The energy needed to perform the operation in- 
creases, with respect to a global optimum Topt, for both low and 
high TET (i.e. fast or slow speed respectively ). On the other hand,
most scheduling optimization methods (e.g. time-optimal point 
to point motions [16]), assume that the robot operates at its max- 
imum speed, whenever allowed by the scheduling constraints, and 
stands still otherwise. However, such task planning strategy may 
be energetical ly detrimental, leading to high power consuming 
accelerations and longer idle times (where energy is wasted to 
counteract gravitatio nal loads). This condition of maximum speed 
is also commonly adopted concerning the robot’s homing motion,
whose duration might be altered without any violation of the pro- 
cess constraints, here including the production rates. According to 
very recent researche s [17], the idle and homing times for indus- 
trial robots in the automotive industry amount respectively to 
74% and 15–20% of the total working times. Hence, the possibility 
to improve the system efficiency without varying the cycle time, TF,
really seems substanti al. Note that, in any case, very low TET can- 
not be achieved due to limitations in the nominal torque of the 
actuation system (forbidden zone F in Fig. 1b), whereas very high 
TET are considered forbidden as long as they might negatively af- 
fect the production rate (forbidden zone S in Fig. 1b).

The conceptual steps of the method described in the following 
sections are depicted in Fig. 2. Starting from pre-schedul ed joint 
trajectories compatib le with the process constrain ts, the actuator 
torques are computed . The overall power consumption is then cal- 
culated by introducing the actuators lumped-param eters model. At 
last, the energy consumptio n as function of TET is determined by 
means of time scaling [18].

To the best of the authors’ knowledge, the contribution of the 
present paper with respect to previous literature and, in particular,
with respect to [15] where the method was firstly introduce d, in- 
clude: (a) the presentation of preliminary experimental results 
(Section 2); (b) the extension of the method to PKM dynamics (Sec-
tion 6); (c) the definition of an efficiency measure which allows to 
evaluate, under certain simplifying conditions, the efficacy of the 
method without previous knowledge of the actuator parameters 
(Section 6.1). Also, differently from some previous literature (see
e.g. [19,15,20]), a clear interpretation of the energy flow through 
the system in terms of energy stored, transferred to the user, or 
dissipated is highlighted , such that dissipative terms are mini- 
mized whereas conservative terms (which do not contribute to 
the energy consumptio n) and terms which cannot be optimized 
(i.e. useful work) are simply neglected. After the presentation of 
preliminary experime nts, two simulatio n case studies are finally
discussed concerning a serial and a parallel robot. Numerical re- 
sults show the possibility to reduce the system EC with virtually 
no effects on the overall productivi ty.

2. Preliminary experiment al results 

At first, a proof-of-concep t experimental campaign has been 
carried out prior to the developmen t of the mathematical model.
The experime ntal set up, schematized in Fig. 3, is similar to the 
one described in [21] and features an ABB IRB6600-22 5/2.25 antro- 
pomorphi c arm connected to a wattmeter IRS MeetBOX-2 5P with 
analog input module NI 9205. The wattmeter probes are plugged 
into the controlle r cabinet and monitor the three phases 380 VAC 
voltages and currents supplied to the robot (including the control- 
ler itself and excluding all other resources within the workcell). For 
fixed measureme nt times TF (Fig. 1a), the robot is programmed to 
follow a circular path in a vertical plane, at increasing velocities 
and idle times, while voltages and currents are monitored with 
10 kHz sampling frequency. The overall EC is then computed by 
postprocess ing the data in Matlab, as in [21], and successively fit-
ted with a spline interpolant, as shown in Fig. 1b. The reported 
experime ntal values highlight the existence of an EC minimum 
for the considered operation . Naturally , concerning manufacturing 
lines where a large number of robots is performing different tasks 
(each being characterized by its own energy curve), it is certainly 
not convenient, in terms of time and costs, to determine the EC 

Fig. 1. Energy consumption in pick-and-place operations.
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minimum by means of experime nts. Hence, as shown in the fol- 
lowing, the developmen t of a numerical method which enables 
the prediction of the energy-o ptimal TET for a generic operation 
is fully motivated.

3. Electro-mechan ical modelin g of industrial robots 

3.1. Background on serial manipulators dynamic model 

A typical n-link serial manipulator (an open kinematic chain), as 
shown in Fig. 2, is actuated by n Permanent Magnet (PM) synchro- 
nous machines . In case of pick-and -place operations, the vector of 
actuation torques, sr 2 Rn, can be expressed as the sum of the fol- 
lowing terms:

sr ¼MrðqrÞ€qr þ ðIn � _qT
r Þ

V1rðqrÞ
..
.

VnrðqrÞ

2664
3775 _qr

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
srI

þ @HrðqrÞ
@qr|fflfflfflffl{zfflfflfflffl}
srG

þ JT
r ðqrÞ

m€r
I _xþx� Ix

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

hI

þ
mg
0

� �
|fflfflffl{zfflfflffl}

hG

26664
37775 ð1Þ

where qr 2 Rn is the vector of joint positions , MrðqrÞ 2 Rn�n is the 
symmetric joint-space inertia matrix, VirðqrÞ 2 Rn�n (i = 1, n) de- 
scribes the Coriolis/cent ripetal torques (In 2 Rn�n denoting the iden- 
tity matrix and � denoting the Kronecker product , see [22], pp. 127,
[23], pp. 128.), Hr(qr) is the arm potential energy, JrðqrÞ 2 Rn�n is the 
manipulat or Jacobian matrix, m is the mass of the handled object,
g 2 R3 is the gravity vector (in appropriate units and direction),
I 2 R3�3 is the inertia l matrix of the object, and 0 2 R3 is the null 
vector. The absolute position and orientation of the object,
rðtÞ 2 R3 and /ðtÞ 2 R3 respective ly, can be written in compact form 
as x ¼ ½rðtÞj/ðtÞ�T 2 R6, such that x = k(qr). The vector function 
kð�Þ 2 R6 represe nts the robot direct kinemati cs. Similarly , the lin- 
ear and angular absolute velocities of the object, _rðtÞ 2 R3 and
xðtÞ 2 R3 respective ly, can be written in compact form as 
v ¼ ½ _rðtÞjxðtÞ�T 2 R6. In particular srI; srG; J

T
r hI; J

T
r hI 2 Rn represent

respective ly the portion of actuator torques which are used to coun- 
teract the manipulat or own inertia, the manipulat or own weight,
the external wrenches due to object inertia and weight. For the pur- 
pose of the following sections, the term srI is also expressed as:

srI ¼ _prðqr ; _qr ; €qrÞ �
1
2

@pr

@qr

� �T

_qr ð2Þ

where prðqr; _qrÞ �MrðqrÞ _qr is the manipulat or generalized momen- 
tum (see [22], pp. 143).

3.2. Backgroun d on parallel manipulators dynamic model 

A typical PKM (a closed kinematic chain) is depicted in Fig. 2. In 
order to derive the PKM dynamic model, a possible approach is to 
consider a reduced system, i.e. a tree topology mechanism ob- 
tained by cutting the loops in a closed chain mechanism (see e.g.
[24]). The dynamics of the reduced system (an open kinematic 
chain) can be described by an equation of the same form of Eq.
(1) where, however, not all the pairs are actuated. The original 
(closed) and the reduced system are then assumed to experience 
the same external forces and to undergo the same motions. Let 
the closed chain consist of a total of k one d.o.f. joints, n of which 
are actuated. Let then define:

UðqaÞ ¼
@qr

@qa
¼

@qpr

@qa

In

" #
; V ¼

UT V1rðqrÞU
..
.

UT VnrðqrÞU

2664
3775;

M1 ¼ UT MrU; M2 ¼ UT Mr;

G ¼ UTsrG; J ¼ JrU;

ð3Þ

where the subscript r denotes quant ities which refer to the reduced 
system dynamics (see. Eq. (1)), qa 2 Rn and qp 2 Rk�n are the posi- 
tion vectors of the actuate d and passive joints respectively 
(sa 2 Rn and sp 2 Rk�n being the correspon ding general ized force 
vectors ), qr ¼ ½qpr jqa�

T 2 Rm is the position vector of the reduced 
system , qpr � qp is the subset of the passive joints’ position vector 
that are also part of the reduced system , and U 2 Rm�n is the gener-
alized actuating force transfo rmation [24]. Note that friction forces on 
passive joints, mainly due to sliding pairs, can be reasonabl y ne- 
glected with respect to friction forces within the actuator gear 
reducer s. Therefore, similarly to [24], sp = 0. In particular, in case 
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of pick-and-p lace operation s, the vector of actuatio n torques, sa, can 
be expressed as:

sa ¼ UTsr ¼M1ðqaÞ€qa þM2ðqaÞ _U _qa þ ðIn � _qT
aÞVðqaÞ _qa þ GðqaÞ

þ JTðqaÞh ð4Þ

Eq. (4) describes parallel manipulat or dynamic s away from actuator 
singularit y. For the purpose of the calculatio ns performed in Sec- 
tion 6, it is useful to highlight that the vector U is position depen- 
dent (i.e. U = U(qa)) and that Eq. (4) reduces to Eq. (1) whenever
sr � sa (i.e. U ¼ In ) _U ¼ 0). Therefore, the energy saving method 
described in the following can be equally applied to both serial 
and parallel manipulat ors.

3.3. Actuation subsystem 

Fig. 4a shows a lumped-param eter model of a typical gear mo- 
tor (position-controlled PM machine + speed reducer) which con- 
verts electrical power Pe,i into mechanical power Pm,i. Let 
conventional ly assume Pe,i > 0, Pm,i > 0 when the power flows from 
the converte r to the electric machine and from the reducer output 
shaft to the user. The actuator can then function as either motor 
(Pe,i > 0 and Pm,i > 0), brake (Pe,i > 0 and Pm,i < 0) or generator 
(Pe,i < 0 and Pm,i < 0). In this latter condition, depending on the 
capabilities of the electronic driver, the negative electric power 
can be either dissipated as heat on a braking chopper (condition
known as dynamic braking) or transferred back to the energy 
source (condition known as regenerative braking) which turns 
beneficial in terms of both efficiency and dynamic performanc e
[22,25]. Commonly, a regenerative module which allows energy 
backflow is mounted on the AC/DC section of the converter.

Considering the overall robot actuation system, owing to the 
high dynamic demand, the PM machines are usually driven in 
regenerative mode by multidrive systems [17,26] comprising an 
energy source, a controllable power converter (AC/DC module + DC 
link + DC/AC modules) and a series of gear motors as schematized 
in Fig. 4b. In such a case, a common DC-Bus is used to supply sev- 
eral DC/AC modules that power the individual motor. The energy 
distribution over the common bus allows for motor-to -motor brak- 
ing (energy exchange ) possibly without the need for a braking 
chopper or a regenerative supply unit, see e.g. [27]. With reference 
to the lumped parameter model of the single motor depicted in 
Fig. 4a, the overall actuation subsystem dynamics (for n actuators)
can be written as:

va ¼ Raia þ La
_ia þ KvKr _qa 	 Raia þ KvKr _qa

IrKr €qa ¼ KT ia � DKr _qa � K�1
r sa

ð5Þ

where, for j = 1 . . . n, va = [va,j] and ia = [ia,j] are column vectors
of the supplied armature voltages and currents respectively,
Ra = diag{Ra,j}, La = diag{La,j}, Kv = diag{Kv,j}, Kr = diag{Kr,j}, Ir = diag{Ir,j},

KT = diag{KT,j} and D = diag{Dj} are constan t diagonal matrices of 
the different armatur e electric resistances , armatur e inductances ,
back emf constants, gear ratios, rotor inertia s, motor torque con- 
stants, and viscous friction coefficients respective ly. Note that KT,i/
Kv,i 	 1 for trapezoi dal type AC brushless [9]. In addition, concer ning 
servomot ors common ly used in robotic application s, the armature 
inductan ce La,i can be neglected and the mechanical viscous friction 
coefficient is negligible with respect to the electrical friction coeffi-
cient (Ra,i
 Di).

4. Calculation of the total power and energy consumption 

In this section, the manipulator power consumption is calcu- 
lated on the basis of the following assumptions (recalled for 
clarity):

� The PM machines ’ inductances, La, are neglected.
� Regenerative motor braking is assumed at all times.
� The mechanical losses are concentr ated in the gear reducers 

only (i.e. the losses in the passive kinematic pairs are 
neglected).
� The mechanical frictions are modeled via constant viscous 

terms, D.

Hence, concerning both actuator and robot dynamics (Fig. 2),
the total instantaneous power, Pe, supplied to the manipulato r is 
given by:

Pe ¼ iT
ava ¼ iT

a Raia þ iT
a KvKr _qa ð6Þ

The armature current vector is found from Eq. (5):

ia ¼ K�1
T K�1

r sþ K�1
T KrD _qa ð7Þ

where

s ¼ ðsI þ GÞ þ ðJT hI þ JT hgÞ

sI ¼ M1 þ K2
r Ir

h i
€qa þ ½M2

_Uþ ðIn � _qT
aÞV� _qa

ð8Þ

Different ly from sa (see Eq. (4)), the torque vector s includes the 
inertial effects due to the rotor inertias Ir,i. Note that, in Eq. (8), it is 
convenie nt to split the torque contributi ons due to the inertia and 
weight of payload (JThI and JThg, respectively ) or manipulato r (sI

and G, respectively). By introducing Eq. (7) in Eq. (6), the following 
expression can be found:

Pe ¼ sRaðKrKTÞ�2sþ sT K�1
T Kv _qa þ 2sT RaK�2

T D _qa

þ _qT
a RaK�2

T K2
r D2 þ KvK�1

T K2
r D

� �
_qa ð9Þ

where, assuming the actuators being trapezoidal type AC brushless,
K�1

T Kv ¼ In [9]. Eq. (9) can be denoted as:

Fig. 4. Electromechanical model of a PM electric gearmotor (a) and multidrive system schematic (b).
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P ¼ sT R1sþ sT R2 _qa þ _qT
a R3 _qa þ sT _qa ð10Þ

having defined the following matrices :

R1 ¼ RaðKrKTÞ�2

R2 ¼ 2RaK�2
T D

R3 ¼ RaK�2
T K2

r D2 þ KvK�1
T K2

r D

ð11Þ

The power flow can then be numerica lly compute d by knowing the 
mechani cal (inertia, viscous friction, gear ratio) and electrical 
(armature resistance and inductan ce) system paramete rs. Nonethe- 
less, in general, the mecha nical dissipatio ns (viscous friction coeffi-
cients, Di) are negligib le with respect to the electrical dissip ations 
(armature resistanc e, Ra,i) [28]. Assuming D 	 0, the power con- 
sumption can be simplified as:

P ¼ sT R1sþ sT _qa ð12Þ

As for the energy necessary to perform a given operation, over the 
time period t 2 [0, Tf], it is given by the time integral of Eq. (9). In 
particula r, by recallin g the partitioni ng of the loading torques intro- 
duced in Eq. (8), the overall energy flow can be expressed as:

E ¼ Ed þ Ekm þ Egm þ Ekl þ Egl ð13Þ

where

Ed ¼
Z Tf

0
sT R1sþ sT R2 _qa þ _qT

a R3 _qa
	 


dt 

Ekm ¼
Z Tf

0
sT

I
_qa dt 

Egm ¼
Z Tf

0
GT _qa dt 

Ekl ¼
Z Tf

0
JT hI

h iT
_qa dt ¼

Z Tf

0
hT

I v dt 

Egl ¼
Z Tf

0
JT hg

h iT
_qa dt ¼

Z Tf

0
hT

gv dt

ð14Þ

Owing the servoactuat or model of Eq. (5), the aforement ioned 
formulation for the energy contributio ns can be interpret ed as 
follows:

� Ed, which is function of the overall torque vector s, is the energy 
dissipated through the armature resistance and through 
mechanical viscous friction.
� Ekm, which is function of the inertial torque vector sI, is the 

kinetic energy stored in the manipulator inertial field.
� Egm is the gravitatio nal potential energy due to the manipulator 

masses.
� Ekl, which can be written as function of v and hI, is the kinetic 

energy delivered to the user. In case of pick-and-pl ace opera- 
tions where a workpiece is picked up and delivered at zero 
velocity, Ekl = 0.
� Egl, which can be written as function of v and hg, is the variation 

of the workpiece potential energy.

5. Power consumption during cyclic pick-and-plac e operations 

Recalling the schematic depicted in Fig. 1a, suppose that the 
robot end effector executes cyclic pick-and-place operations for 
t 2 [0, TO] whereas it is kept stationar y, in a configuration 
qa(TO), for t 2 [TO, TF]. Suppose the handled object is carried for 
t 2 [TA, TB] � [0, TO], and it is picked up and delivered at zero veloc- 
ity v(TA) = v(TB) = 0. In this case, under the assumptions recalled in 
the previous section, it is useful to highlight that the overall energy 
consumptio n is simply given by:

E ¼ Ed þ Egl ð15Þ

In fact, considering a manipulat or which starts its motion at t = 0 in 
a given configuration and ends its motion at t = TF in that same con- 
figuration, it is easily proven that Ekm = Egm = 0.

As for the manipulato r kinetic energy, resorting to Eqs. (2) and 
(4)

Ekm ¼
Z TF

0
sT

I
_qa dt ¼

Z TF

0
UTsrI
� �T

U�1 _qr

� �
dt

¼
Z TF

0

_pr �
1
2

@pr

@qr

� �T

_qr

" #T

_qr dt

¼
Z TF

0

_pr
T _qr �

1
2

_qT
r
@pr

@qr

� �T

_qr

" #
dt ¼

Z TF

0

1
2

_qT
r

_pr dt

¼ 1
2

Z pF

p0

_qT
r dpr ¼ 0 ð16Þ

where p0 and pF are the reduced system generalized momenta cal- 
culated at t = 0 and t = TF respective ly. Accordin g to the definition of 
manipu lator generalized momentum (see Section 3.1), p0 = pf = 0.

As for the manipulato r potential energy, resorting to Eqs. (1)
and (4)

Egm ¼
Z Tf

0
GT _qa dt ¼

Z TF

0
UTsrg
� �T

U�1 _qr

� �
dt

¼
Z qrðTf Þ

qrð0Þ
dHrðqrÞ ¼ 0 ð17Þ

Supposing that Eq. (12) holds (i.e. D 	 0) and denoting DTFO = TF

� TO, the energy consumptio n for t 2 [TO, TF] is then given by:

E ¼ GTðqaðTOÞÞR1GðqaðTOÞÞDTFO ð18Þ

as long as the joints velocities are null (i.e. _qa ¼ 0) within the con- 
sidered time frame . Therefore, the total EC for t 2 [0, TF] is finally gi- 
ven by:

E� El ¼
Z TO

0
sT R1sdt þ GTðqaðTOÞÞR1GðqaðTOÞÞDTFO ð19Þ

Eq. (8) might then be introduce d into Eq. (19) in order to better 
highlight the contributio n of purely inertial and gravitatio nal 
loads. In particula r, let first discard gravitatio nal loads. In this case,
recallin g that the object is picked up and delivered at zero veloc- 
ity, the terms Egl, Ekl are null (i.e. the mechanical work supplied to 
the user is null). On the other hand, the terms sI and JThI increase
for increasing joint velocities and accelerat ions (see Eqs. (8) and 
(1) respective ly) and vanishes when the robot is stationary . There- 
fore, it is possible to conclude that, when the cycle time ap- 
proaches infinity, the overall EC approac hes zero and can be 
trivial ly decreased by simply slowing down the motions (see
Fig. 5, red 1 dash-dot line). On the other hand, if only gravitational 
torque s are considered , the EC becomes a monot onically increasing 
function of TET (see Fig. 5, black continuous line). Hence, in real 
condit ions (G – 0), the total EC is given by the combinat ion of 
two monoto nic functions with opposite trends, highlight ing that 
there may exist a minimum for some value of TET (as shown in 
Fig. 1b and in Fig. 5, dash blue line).

6. Trajectory time scaling applied to energy consumption 
minimiza tion 

As previously mentioned, many scheduling approaches [16,29],
assume each robot operating at its maximum achievable speed 
along given paths (hereafter taken as reference path). In this case,

1 For interpretation of color in Fig. 5, the reader is referred to the web version of 
this article.
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the desired position profile in the joint space is completed within 
t 2 [0, TO], TO being the minimum possible TET. The correspondi ng 
active joint trajectory, qOðtÞ; _qOðtÞ; €qOðtÞ, is referred to as reference 
trajectory. In the following, all quantities referring to this reference 
trajectory will be denoted with O subscript. After the path comple- 
tion, the robots are often kept stationar y up to time TF (i.e. for the 
time period D TFO), waiting for other robots to complete their oper- 
ations. The overall EC is therefore given by Eq. (19). In this situa- 
tion, which happens very frequent ly in practice, it is possible to 
re-program the manipulato r in order to achieve an energy-optimal 
motion while maintain ing the same TCP position profile. Suppose 
that the aforementione d reference path is followed with a trajec- 
tory whose position profile is given by:

qsðtÞ ¼ qOða�1tÞ ð20Þ

where a P 1 is denoted as scaling factor . In the following, all quan- 
tities referring to this scaled trajectory will be denoted with s sub-
script. Let then calculate how the overall EC vary with respec t to 
alpha when Eq. (20) is applied to the robot dynamic s.

In particular, defining a scaled time frame as t0 = a�1

t, t0 2 [0, TF], the scaled trajectory is given by:

qsðtÞ ¼ qOðt0Þ

_qsðtÞ ¼
dqOðt0Þ
adt0

¼ a�1 _qOðt0Þ

€qsðtÞ ¼
dða�1qOðt0ÞÞ

adt0
¼ a�2 €qOðt0Þ

ð21Þ

Naturally , being position dependent , both the TCP path, xs = k(qs),
and the general ized actuatin g force transfor mation, Us(qs), remains 
unaltered after time scaling (i.e. [rs(t)j/s(t)]T = [rO(t0)j/O(t0)]T and
Us(t) = UO(t0)), such that their time derivative is given by:

vsðtÞ ¼
dxOðt0Þ
adt0

¼ a�1vOðt0Þ _UsðtÞ ¼
dUOðt0Þ
adt0

¼ a�1 _UOðt0Þ ð22Þ

In the same manner, the scaled object equation of motion is given 
by:

hsðtÞ¼a�2 m€rOðt0Þ
I _xOðt0ÞþxOðt0Þ�IxOðt0Þ

� �
þ

mg
0

� �
¼a�2hIOðt0ÞþhgOðt0Þ

ð23Þ

As for the motor torque s, their dependenc y on qO; _qO; €qO, and _UO

has been highlighted in Eq. (4), such that the scaled torques can 
be compute d as:

ss ¼M1ðqsðtÞÞ€qsðtÞ þM2ðqsðtÞÞ _UsðtÞ _qsðtÞ þ ðIn

� _qs
TðtÞÞVðqsðtÞÞ _qsðtÞ þ GðqsðtÞÞ þ JTðqsðtÞÞhsðtÞ ð24Þ

Hence, recallin g the notation defined in Eq. (8), and introducing Eqs.
(21)–(23) into Eq. (24), the scaled torque s can be written as:

ssðtÞ ¼ a�2 sIOðt0Þ þ JT
Oðt0ÞhIOðt0Þ

� �
þ GOðt0Þ þ JT

Oðt0ÞhgOðt0Þ
� �

ð25Þ

This same equation highlights that the scaling procedu re alters 
the inertial torques by a factor equallin g a�2 whereas the gravi- 
tational torques remain unaltered . Note that the presence of the 
general ized actuating force transfo rmation U, and its time deriv- 
ative is the main difference between serial and parallel robot 
dynamic s.

The power input associated with the scaled trajectory is found 
by introducing Eqs. (21) and (25) into Eq. (10) as written with re- 
spect to the scaled trajectory. The following expression is found:

PsðtÞ ¼ sT
s R1ss þ sT

s R2 _qs þ _qT
s R3 _qs þ sT

s
_qs ¼

X4

i¼0

a�ipiðt0Þ ð26Þ

where

p4 ¼ �sT
IO ðt0ÞR1�sIOðt0Þ

p3 ¼ �sT
IO ðt0ÞðR2 � InÞ _qOðt0Þ

p2 ¼ 2�sT
IO ðt0ÞR1GOðqOðt0ÞÞ þ _qT

Oðt0ÞR3 _qOðt0Þ
p1 ¼ GT

OðqOðt0ÞÞðR2 � InÞ _qOðt0Þ
p0 ¼ GT

OðqOðt0ÞÞR1GOðqOðt0ÞÞ
�sIO ¼ sIO þ JT

Oðt0ÞhIO

GO ¼ GO þ JT
Oðt0ÞhgO

ð27Þ

Given the power consump tion concern ing the scaled trajectory, the 
overall EC can be computed as:

EsðtÞ ¼
Z TF

0
PsðtÞdt ¼

Z TO

0
Psðt0Þadt0 ¼

X4

i¼0

a1�i
Z TO

0
piðt0Þdt0

¼ TO

X4

i¼0

a1�i�piðt0Þ ð28Þ

where �piðt0Þ ¼ T�1
O

R TO
0 piðt0Þdt0; i ¼ 1 . . . 4, are mean powers due to 

the various contributio ns highlighted in Eq. (26). Note the change 
of integration variable in Eq. (28) as t = at0. In particula r, these terms 
depend on the model electrom echanical paramete rs, R1, R2, R3, and 
on the reference joint trajectory and torques. Hence, supposing the 
overall energy input along the reference trajectory as given, the use- 
ful result highlighted by Eq. (28) is that the EC concerning the scaled 
trajectory can be compute d as a fifth order power series in the scal- 
ing factor a.

6.1. Evaluatio n of the method’s efficacy

The efficacy of the proposed scaling method can be computed 
by means of the following EC ratio:

gEC ¼ 1� Es � El

EO � El
ð29Þ

where Es and EO are the EC related to the scaled and reference tra- 
jectory respective ly. In particula r, the energy EO is found by setting 
a = 1 in Eq. (28) whereas El, being the potential energy delivered to 
the user, remains unalter ed after time-scal ing. The term gEC simply
defines the relativ e ratio between the dissipate d electric energie s
(i.e. the differe nce between the total EC and the energy delivered 
to the user) in the case of reference and energy-op timal operation s.
Conside ring once again a robot performi ng a pick-and -place opera- 
tion for t 2 [0, TO] and kept stationary for t 2 [TO, TF], and by neglect- 
ing mechanical viscous friction (D 	 0), the efficiency ratio may be 
compute d as:

egEC ¼ 1�
R TF

0 sT
s R1ss dtR TO

0 sT
OR1sO dt þ GTðqOðTOÞÞR1GðqOðTOÞÞDTFO

ð30Þ
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Fig. 5. Qualitative plots of EC in pick-and-place operations. Overall EC, contribution 
of inertial loads, contribution of gravity loads.
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Note that Eq. (30) simplifies whenever the robot actuators are 
equal, as it generall y happens in parallel manipulat ors. In such a
case, the contributio n of the matrix R1 disappears , the efficiency ra- 
tio becomi ng independen t of the actuato r system parameter s (i.e.
stator resistanc e Ra,i, equivalent torque constant KT,i, gear ratio Kr,i):

bgEC ¼ 1�
R TF

0 sT
s ssdtR TO

0 sT
OsO dt þ GTðqOðTOÞÞGðqOðTOÞÞDTFO

ð31Þ

The simplified Eq. (31) turns particularl y useful when the model 
electromec hanical paramete rs are not accessible by the end user 
for confidentiality reasons. In such a case, the robot masses and 
inertias can be determine d by means of well known identification 
techniques (e.g. [30]). On the other hand, the determina tion of the 
actuato r param eters is challenging and results are usually affected 
by large errors (especially for what concerns the value of the mo- 
tors’ resistanc es [31]).

At last, recalling the schematic depicted in Fig. 1a, it should be 
highlighted that the scaling procedure might be easily restricted to 
those time intervals along which the manipulator is not carrying 
any payload (i.e. for t 2 [TB, TA2]) or simply to the homing motions 
(i.e. for t 2 [TA, TF]).

7. Simulation case studies 

Two case studies are simulated in order to assess the validity of 
the proposed method in the case of serial and parallel robots.

First, a PUMA 560 anthropomorp hic arm performs cyclic pick- 
and-place operation s following a 3D cubic spline. With reference 
to Fig. 6, an object with mass m = 2 kg is initially still, it is then 
grabbed from its resting position (point A) and finally delivered 
at null velocity in a different position (point B). The spline control 
points, expressed with respect to a fixed coordinate system whose 
origin lies on the manipulator TCP at time t = 0 (Fig. 6), are reported 
in Table 1.

The robot electrom echanical parameters (including friction 
coefficients) are taken from [32,14]. The reference TET is TO = 4 s,
the overall cycle time is TF = 12 s, whereas the reference joint space 
trajectory qOðtÞ; _qOðtÞ; €qOðtÞ, and torques sO(t) are found by means 
of RecurDyn multibody software [33]. As an example, the position 
and torque profiles of the first three joints of the manipulato r are 
reported in Figs. 7 and 8, the profiles concerning the wrist joints 
being omitted for clarity. In any case, the first three joints are 

charged with an higher EC when compared to the wrist joints 
which are used to simply orient the workpiece and are equipped 
with electric motors of smaller size. Figs. 7 and 8 also report the ef- 
fect of the trajectory scaling by means of a constant scaling factor,
a = 1.5, as described in Eq. (20). At last, Fig. 9 depicts the EC as a
function of the scaling factor a (continuous line) and accounts for 
the contribution of all the six robot joints. The EC presents a local 
minimum , E, achieved for �a ¼ 1:55, the correspondi ng relative EC 
ratio (see Eq. (29)) being gEC = 7.73%. Note that the TET equals 
the cycle time for a = 3. In addition, the same figure reports the 
EC profile in case of absence of frictional and gravitational load 
respectivel y. In the latter a case, the EC is a monoton ic function 
decreasing for increasing scaling factor (i.e. slowing down the 
operation ). By neglecting the contribution of viscous friction 
(D = 0), the simplified Eqs. (12) and (30) can be applied resulting 
in an optimal scaling factor ea ¼ 1:50 and relative EC ratio egEC ¼7.71%.

As a second case study, the PKM depicted in Fig. 10 performs the 
same pick-and-pl ace operations reported in the previous example.

A B

End effector
trajectory

Fig. 6. PUMA arm 3D schematic and end-effector trajectory.

Table 1
Coordinates of the control points of the spline path.

Point 1 2 3 4 5 6 7 8 9
x (mm) 0 190.53 190.53 170.53 90.26 10.00 0 0 0
y (mm) 0 110.00 110.00 75.36 �63.66 �202.68 �220.00 �220.00 0
z (mm) 0 �250.00 �300.00 �275.00 �150.00 �275.00 �300.00 �250.00 0
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Fig. 7. Reference joint angles, a = 1, and scaled joint space angles, a = 1.5 for PUMA 
arm performing pick-and-place operations.
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Fig. 8. Joint torques corresponding to the reference trajectory, a = 1, and to the 
scaled trajectory, a = 1.5.
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The PKM dimensions and inertial parameters are taken from [34]
whereas, for j = 1,3, Ra,j = 2.27 X, Kr,j = 15, Ir,j = 3.0 � 10�4 kg m2. In 
particular, the gear motors parameters are selected according to 
the procedure described in [35] accounting for a transmission 
mean efficiency gr = 90 % (i.e. sf ¼ ðg�1

r � 1Þs). The reference TET 
is now TO = 2.0 s and the overall cycle time is TF = 6.0 s. The simu- 
lated position and torque profiles of the three motors are reported 
in Figs. 11 and 12 for a = 1 and a = 1.5 respectivel y. The overall EC 
is depicted in Fig. 13 and presents a local minimum, E, achieved for 
�a ¼ 1:47. The correspondi ng relative EC ratio is gEC = 9.84%. Once 
again, the TET equals the cycle time for a = 3. By neglecting the fric- 
tion contribution, an optimal scaling factor ea ¼ 1:35 is found, the 
relative EC ratio being egEC ¼ bgEC ¼9.46%.

8. Discussion and conclusion s

A method for the energy consumptio n optimization of robotic 
systems has been presented. Different ly from other optimization 
routines, the proposed strategy does not rely on either equipment 
replacemen t, plant modification or path re-planni ng. In fact, start- 
ing from given manipulator electromechan ical parameters and 
pre-sched uled trajectories compatible with the actuation limits,
an energy-optimal trajectory is simply determined by means of 
time-scal ing.

After the presentation of preliminary experimental results and 
background theory, the different contributi ons of inertial, gravita- 
tional and dissipative energy terms are highlighted with respect to 
reference and scaled trajectories. Then, the approach has been 
tested on common parallel and serial robots performing cyclic 
pick-and -place operations. The results allow the operator to 
paramete rize and adjust the manipulato r operations in order to re- 
duce the EC, whenever allowed by other scheduling constrain ts 
(e.g. during the homing motions). In particular, it has been recalled 
that slowing down an operation as much as possible is not always 
beneficial. In addition, it has been highlighted that the EC of a given 
operation as a function of the task execution time can be described 
by a fifth order power series. Regardless the robot topology , this 
informat ion turns useful also when programming real industria l
robots whose instantaneo us powers can be derived by means of 
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Fig. 9. Energy consumption as a function of scaling factor a in case of complete 
electromechanical model, absence of viscous friction, and absence of gravity.
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Fig. 10. PKM 3D schematic and end-effector trajectory.
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black-box proprietary software (e.g. [36] where the robot inertial 
parameters are unavailable to the end-user). Future work includes 
a further improvement of the motor model, an experimental cam- 
paign to evaluate the method accuracy and efficacy on multi-robot 
cells (similarly to [37]), the development of on-line programmin g
algorithms, and the impleme ntation of dedicated simulatio n tools 
to be integrated on proprietary software.
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