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Optimal Synthesis of Conically Shaped Dielectric
Elastomer Linear Actuators: Design Methodology

and Experimental Validation
Giovanni Berselli, Rocco Vertechy, Gabriele Vassura, and Vincenzo Parenti-Castelli

Abstract—An analytical model and an operational procedure
are presented, which make it possible to optimize conically shaped
dielectric–elastomer linear actuators for known materials and de-
sired force/stroke requirements. The actuators are obtained by
coupling a dielectric elastomer film with a compliant frame which
is sized by means of a pseudorigid body model. Depending on
the frame design, the actuators can work monodirectionally or
bidirectionally. Simulation and experimental results are provided
which demonstrate the efficacy of the proposed design procedure
and show that well-behaved conically shaped actuators can be con-
ceived and produced.

Index Terms—Compliant mechanisms, dielectric elastomer ac-
tuators, optimal design.

I. INTRODUCTION

AMONG the class of materials known as electroactive poly-
mers, dielectric elastomers (DEs) represent one of the best

materials that can be used for the development of solid-state lin-
ear actuators. DE-based linear actuators offer high power density
and good efficiencies combined with relatively low weight and
extremely low costs.

For actuation usage, DE can be shaped in thin films which are
first prestretched and then coated with compliant electrodes on
both sides to form an electrically deformable film (EDF). The
term EDF simply identifies a dielectric, hyperviscoelastic, and
incompressible isotropic membrane (the DE) placed between
two compliant electrodes [1]–[3]. Activation of the EDF via the
placement of large electric potential differences (hereafter also
called voltages) between the electrodes can induce film area
expansions, and thus, points’ displacements which can be used
to produce useful mechanical work (whenever forces are applied
to such points).
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Different kinds of DE-based actuators with various shapes
have been proposed in the literature (see, for instance, in [4]
for details) some of which can be obtained by first uniformly
prestretching the EDF (that is often necessary since the film has
negligible flexural rigidity) and then by coupling some segment
of its boundary to some portion of a flexible supporting frame,
either an elastic structural element (for instance, a helical spring)
or a compliant mechanism (for instance, a four-bar mechanism
with elastic revolute joints) [5]–[15].

The flexible frame can be specifically designed to modify the
overall actuator stiffness which heavily depends on the EDF
elastic properties. In particular, depending on the frame design,
the actuator can work monodirectionally (see, for instance, in
[14]) or bidirectionally (see, for instance, in [15]) as long as
the frame stiffness can be used to provide a restoring force that
brings back the actuator to a reference initial position when
the EDF is deactivated. Furthermore, particular frame designs
enable obtaining a constant available thrust over a given range
of motion.

Actuators with constant available thrust (usually referred to
as constant output force actuators) are typically desirable since
they possess uniform behavior, enable optimal use of the avail-
able output work, and are easy to control [16]–[18]. For instance,
note that constant output force actuators are capable of apply-
ing a given desired force even in the presence of small system
deflections or positioning errors, and therefore, minimize the
required controller effort. Such devices are needed in haptics,
mobile robots, and systems for delicate part handling and mate-
rial machining/testing [17], [18].

Much work has been dedicated to the design of constant force
drive units. These include either the conception of traditional
electromagnetic, hydraulic, and pneumatic actuators directly
having constant force–length (FL) curves [19], or the devel-
opment of special mechanical transmissions [17]–[19] and of
complex control algorithms [20], [21] to adjust the output force
of actuators (such as those based on piezoelectric and shape-
memory materials) inherently featuring nonconstant FL curves.
Practical examples of DE-based linear actuators capable of pro-
viding a nearly constant force have been proposed in [13], [22],
and [23] concerning EDFs which are shaped as lozenges and
in [14] concerning EDFs which are shaped as rectangles. The
authors themselves remarked both the advantages and the criti-
cal aspects of such designs.

Similarly to the aforementioned solutions, an actuator mor-
phology that has shown promising properties in various ap-
plications (e.g., Braille cells [24], lightweight robots [25], and
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Fig. 1. Concept behind the proposed solution. (a) Assembly exploded view, (b) compliant frame schematic, CAD model in (c) deactivated and (d) activated
states.

Fig. 2. Actuator prototype. Frame prototype in (a) undeflected condition and (b) under constant external load application, actuator in (c) deactivated and (d)
activated states.

medical [26] and haptic devices [27]) is the conically shaped DE
linear actuator [5]–[7], [28], [29] which, however, normally sup-
plies an available thrust that heavily varies along its stroke (see,
for instance, in [28] and [29] for experimental results). This be-
havior is hereafter modified by coupling the conical EDF with a
compliant frame designed as an overconstrained parallel mecha-
nism having three equal legs articulated via three revolute joints
with parallel axes. The CAD exploded view of the actuator is
shown in Fig. 1(a), the schematic (pseudorigid model [30]) of
the compliant frame is shown in Fig. 1(b) whereas the actuator
CAD models showing the coupling between the EDF and the
frame are shown in Fig. 1(c) and (d). With reference to Fig. 1(b),
displacements of the moving platform along the radial, y, direc-
tion (or, alternatively, rotations) are prevented by the parallel tri-
pod architecture. The revolute joints of the parallel mechanism
are designed as ”Small-length Flexural Pivots” [30], [31] i.e. as
short flexible segments whose resistance to deflection is mod-
eled using a torsional spring. The frame prototype is shown in
Fig. 2(a) (undeflected condition) and in Fig. 2(b) (moving plat-
form loaded with a constant load acting in the axial, x, direction).
The overall actuator prototype is depicted in Fig. 2(c) (actuator
deactivated state) and in Fig. 2(d) (actuator activated state).

In the following, a novel procedure is proposed for the opti-
mal design of such conically shaped DE-based linear actuators.
In particular, on the basis of simplified, but yet accurate, design
equations, a methodology is presented which makes it possi-
ble to improve the actuator force/stroke performance. Then,
case study simulation and experimental results are reported,
which highlight both the efficiency of the procedure and the im-

proved performances of an optimized conically shaped actuator
prototype.

II. COMPLIANT FRAME EFFECT ON THE ACTUATOR

PERFORMANCE

Recalling general design guidelines reported in [14], it can
be stated that the EDF deformation produces a variation of the
actuator length x = |(P − O)|, where P and O are, for instance,
two points of the actuator lying on the EDF axis of symmetry
[Fig. 1(b)], and a force having the same direction of vector OP 1

that can be supplied to an external user. This force, called the
actuator available thrust, Fa(V, x, ẋ), is generally given by the
sum of two contributions, Ff (V, x, ẋ) and Fs(x)

Fa(V, x, ẋ) = Ff (V, x, ẋ) + Fs(x) (1)

where Fa is the available thrust, x is the actuator length (ẋ being
its time derivative), V is the voltage applied to the EDF, Fs is
the frame reaction force (due to the frame’s own stiffness and
function of the actual actuator configuration), and Ff is the EDF
force, i.e, the resultant force in the direction of actuation due
to the stress field arising in the EDF. This field depends on the
amount of given prestretch, on the applied voltage, and on the
actuator configuration/velocity. According to a 1-D lumped pa-
rameter model, the EDF behaves as a nonlinear spring–damper
(the spring having stiffness Kf = dFf /dx and being subjected
to tension at all times) whereas the flexible frame behaves like

1The direction of vector OP will be referred to as the direction of actuation.
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Fig. 3. FL curves qualitatively showing the moduli of Ff and Fs .

a nonlinear compression spring (with stiffness Ks = dFs/dx)
coupled in parallel with the EDF. Conventionally, Fa is the force
that an external user supplies to the actuator.

Fig. 3 shows qualitative diagrams of FL curves concerning in-
ternal forces Ff and Fs , adopting a representation methodology
widely used in the study of interacting elastic structures where
the moduli of the forces are shown. Note that the time-dependent
behavior of the DE, such as rate-dependent hardening, creep,
stress relaxation, and hysteresis, is neglected in these plots. In
the following, the terms “OFF-state” and “ON-state” will iden-
tify every actuator working condition where V = 0 and V �= 0,
respectively. Therefore, the continuous curve FOFF

f represents
the film force Ff in the OFF-state (KOFF

f = dFOFF
f /dx being

its stiffness) whereas the dotted curve S represents the modulus
of the reaction force Fs of a possible frame.

In the OFF-state, after the coupling of the prestretched film
and the precompressed frame, the achieved equilibrium posi-
tion is represented by point A. In this condition (no applied
load and no applied voltage), the actuator initial length is x0 .
The displacements imposed on the 1-D springs representing the
film and the frame are given, respectively, by |x0 − x0f | and
|x0s − x0 |, where x0f is the free length of the EDF and x0s is
free length of the frame. Point A is taken as the reference point
for the measurement of the actuator stroke δ. On the other hand,
the continuous curve FON

f represents the relationship between
the film force Ff and the actuator length (KON

f = dFON
f /dx

being its stiffness), in the case of EDF activation under con-
stant voltage (let us consider the maximum actuation voltage
V = Vmax ). Point B represents the new value of Ff upon a step
voltage rise, starting from point A. The distance between points
A and B symbolizes the available thrust Fa . In this condition,
|Ff | < |Fs | and the actuator output can move outward (i.e. in-
crease its own length). If the actuator output is free to move (no
external load), the actuator can reach a new equilibrium position
represented by point B′′. The term δs represents the maximum
stroke obtainable with a frame characterized by an FL profile
like curve S.

Fig. 4. FL curves qualitatively showing the moduli of Ff and Fs and the
“negative stiffness” effect.

In any intermediate position defined by x, points C and B′

represent, respectively, forces Fs and FON
f ; in this condition,

the available thrust is equal to the distance B′C. If, at any point
along the stroke, the excitation voltage is suddenly removed, the
force acting on the film abruptly passes from point B′ to point
A′, thus obtaining |Ff | > |Fs |and an available thrust acting in
the opposite direction with absolute value equal to the distance
A′C. It can be seen that, in general, Fa varies along the stroke
δ, both outward and backward, whereas a constant thrust would
be preferable. However, the force profiles of Fa in the ON-
and OFF-states (FON

a and FOFF
a , respectively) can be modified

by working on the frame design depending on the application
requirements. Assuming the EDF electromechanical character-
istics as given, let us suppose that the EDF is coupled with
a compliant mechanism whose elastic reaction force increases
in modulus as the actuator length xincreases. In a 1-D model,
such a frame can be conceived as a negative stiffness spring
acting in parallel with the EDF. In general, this behavior is ex-
hibited by mechanisms characterized by unstable equilibrium
positions (UEPs) along their motion (for instance, bistable ele-
ments having an UEP between two stable equilibrium positions
(SEPs)) (see, for instance, in [11]). If this negative stiffness per-
fectly matches the EDF stiffness, a constant output force can be
obtained.

As an example, let us first consider a frame FL profile repre-
sented by curve S1 (Fig. 4); it can be seen that, for a consistent
part of the stroke (namely δ′s1), Fa maintains a constant value,
FOFF

a , equal to the distance AC1 as the actuator is in its OFF-
state. In this case, the overall actuator stroke is increased to δs1 .
If needed, the stroke can be limited by means of mechanical
stops (for instance, in order to prevent its functioning in regions
where FOFF

a is not constant). The ON-state available thrust,
FON

a , is maximized by choosing a frame FL curve like the one
depicted by curve S2 in Fig. 4, that is, FOFF

a = 0 for a given
range of motion. Differently from the solution where curve S1
is employed (double-acting actuator), a null thrust in the OFF-
state results in an actuator capable of working in one direction
only (single-acting actuator). In such a case, for applications
requiring control via bidirectional forces, two identical actuators
must be employed in an agonistic–antagonistic configuration.
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Fig. 5. Actuator configuration under no load and no voltage.

Note that, as long as the film FL curves FOFF
f and FON

f are
generally not parallel, a constant force in the OFF-state does not
guarantee a constant force in the ON-state. In particular, three
principal cases can be outlined:

1) Constant force in the OFF-state: Fs = −FOFF
f + a1 , re-

sulting in a single-acting actuator if a1 ≤ 0.
2) Constant force in the ON-state: Fs = −FON

f + a2 , result-
ing in a single-acting actuator if a2 ≥ 0.

3) Minimization of the available thrust variation along the
stroke: Fs = −(FOFF

f + FON
f )/2.

III. PROPOSED SOLUTION CONCEPT

The concept behind the proposed solution is shown in Figs. 1,
2, and 5.

As said, the compliant frame is designed as an overcon-
strained parallel mechanism featuring a moving platform (the
rigid disk), a fixed base (the rigid ring), and three equal legs ar-
ticulated via three revolute elastic joints with parallel axes. The
frame supports the EDF [via a rigid ring and a rigid disk (Fig. 5)]
and, at the same time, provides the desired FL profile. Thanks to
the mechanism symmetry and to the adoption of elastic joints,
each leg behaves as a fully compliant slider–crank mechanism
(CSCM) whose pseudorigid body model (PRBM) [30] is de-
picted in Fig. 6(a). Referring to Fig. 6(a), r1 and r2 are the
crank and the connecting rod lengths, respectively, e is the
slider–crank mechanism eccentricity, x is the mechanism length
(i.e., the distance between the points O and P ), K1 ,K2 ,K3 are
the spring constants of the compliant joints [30], ϑ1 and ϑ3 are
the crank angle and connecting rod angular positions measured
with respect to the actuator direction of motion (ϑ2 = ϑ3 − ϑ1),
and ϑ10 , ϑ20 , ϑ30 are the undeflected angular positions of the
flexural pivots (ϑ20 = ϑ30 − ϑ10).

Let us define the force F ′
s as the CSCM reaction force due

to its own stiffness, that is a function of the actual mechanism
configuration. Invoking the principle of the superimposition of
the effects, the force F ′

s is given by

F ′
s = F1 + F2 + F3 (2)

where the forces F1 , F2 and F3 are due to the deflection of the
torsional springs with stiffness K1 ,K2 and K3 respectively. Let

Fig. 6. Slider-crank compliant mechanism (CSCM), pseudorigid-body model.
(a) CSCM: uninflected (stable) position. (b) Reduced CSCM: first (continuous
black line) and second (dashed red lines) stable positions. (c) Reduced CSCM:
unstable position.

us consider separately the contribution of each stiffness K1 , K2
and K3 .

At first, neglect the contribution of torsional springs with
stiffnesses K1 and K2 , such that F ′

s = F3 . In such a situation, the
resulting mechanism (hereafter referred to as “reduced” CSCM)
is depicted in Fig. 6(b), where the torsional spring with stiffness
K3 is represented in its undeflected positions. As long as the
spring K3 can reach an uninflected position for two mechanism
configurations, the reduced CSCM is bi-stable (the first SEP
being depicted as a continuous black line, the second SEP being
depicted as a dashed red line). A UEP is reached when the rocker
arm is perpendicular to the slider direction of motion [Fig. 6(c)].
Let us now neglect the contribution of the torsional spring with
stiffness K3 , and therefore, consider the contribution of the
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Fig. 7. Production steps for the manufacture of the actuator. (a) Unloaded DE.
(b) Equibiaxially prestretched DE with electrodes (EDF). (c) Application of ex-
ternal load to the ED. (d) Final actuator (EDF + compressed frame) equilibrium
position.

forces F1 and F2 only. Define F12 = F1 + F2 . The resulting
mechanism is a possible topology of a compliant mechanism that
can supply a nearly constant force if suitably dimensioned [32].

That is, the CSCM can be used to tailor the actuator-available
thrust by altering its stiffness (by means of F3) and altering the
thrust initial value Fa(x0 , V ) (by means of F12).

Regarding actuator manufacturing, a circular EDF with initial
radius equalling y0 [Fig. 7(a)] is first subjected to an equibiax-
ial prestretch up to a final radius denoted as y1 . Then, it is
coated with compliant electrodes on both sides to form an EDF
[Fig. 7(b)]. Finally, the application of an external force in the
x direction (which is supplied by the platform of the compliant
frame) causes the EDF to gain a conical shape [Fig. 7(c)]. Note
that, as it can be seen from Fig. 2(c) and (d), the EDF is, in
fact, deformed into an out-of-plane, axisymmetric shape which
approximates a right circular cone as the actuation voltage is
increased. The fixed base can provide a mechanical stop that
prevents the actuator from operating in regions below the UEP,
i.e., such that x < x̄ (Fig. 5). Both EDF and frame need to be
suitably dimensioned for the specific application. In the follow-
ing, a mathematical model of the overall actuator behavior is
described in detail.

IV. MODEL DEVELOPMENT

A. Electromechanical Behavior of Conically Shaped Dielecric
Elastomer Films

The EDF used in this paper for the experimental validation of
the proposed design methodology is a membrane of an acrylic
elastomer (VHB-4905) whereas the compliant electrodes are
made with a conductive grease. In essence, EDFs are viscoelas-
tic capacitors that deform and/or generate forces in response
to mechanical and electrical loads/constraints. The behavior of
EDFs with general geometry can be rather complicated, espe-
cially whenever they undergo nonuniform large deformations,
which may require coupled nonlinear electromechanical nu-
merical models for a truthful representation. The typical exper-
imental tensile response of a conically shaped EDF specimen

Fig. 8. Experimental setup for the determination of (a) EDF force Ff and
(c) frame force Fs . EDF wrinkling under (b) high actuation voltages.

Fig. 9. Experimental FL curve of a conically shaped EDF specimen subjected
to mechanical and electrical loading–unloading cycles.

subjected to mechanical and electrical loading–unloading cycles
is shown in Fig. 9.

The specimen consisted of a virgin circular acrylic DE with
initial radius and thickness equalling y0 = 10 mm and t0 =
1.5 mm, which is prestretched up to a radius of y1 = 40 mm
coated with conductive grease and glued to a rigid ring with
internal radius rM = y1 and to a concentric rigid disk with ex-
ternal radius rm = 12 mm [refer to Fig. 7(c)]. The specimen was
placed in a tensile stage [Fig. 8(a)] which, by keeping the ring
fixed and moving the disk along its axial, x direction, enabled
to acquire the film FL curves. The setup is configured such that
the x positive direction is opposed to gravity. The deflection of
the EDF due to its own weight is reasonably neglected. The ten-
sile test consisted in cyclically displacing the disk between the
length x = 0 and x = 40 mm at a constant velocity of 1 mm/s,
while the EDF electrodes were subjected to an electric potential
difference (electrical activation) equalling V = 0 kV for the
first eight cycles, V = 4 kV for the subsequent three cycles and
V = 6 kV for the last three cycles. During the test, the specimen
length and the tensile force were measured with an accuracy of
less than 10 μm and 0.01 N, respectively; the room temperature
was 21 ◦C. Fig. 9 highlights that the electromechanical response
of typical conically shaped EDFs feature exhibits:

1) a reduction in stress (stress softening) at a given strain
on each successive loading, which is largest in the first
loading–unloading cycle, becomes rather negligible after
about three cycles, and is rather insensitive to EDF elec-
trical activation;

2) sensible difference between the loading and unloading
forces (hysteresis) corresponding to the same deforma-
tion level whose magnitude is rather insensitive to EDF
electrical activation.
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Removing rigid ring and disk highlights that the EDF re-
mains affected by a residual stretch (permanent set) λr , which
is mostly generated during the initial prestretch and the first
three loading–unloading cycles (notice, however, that this per-
manent set slowly decreases in time and essentially disappears
after a sufficiently large period of annealing whenever the film is
left in an unloaded condition). That is, after about three precon-
ditioning loading–unloading cycles (blue solid line in Fig. 9),
the electromechanical response of the acrylic conically shaped
EDF becomes essentially repeatable irrespective of the imposed
electric potential difference (lozenge-, triangle- and star-marked
dark lines in Fig. 9 for the activation potentials V = 0 kV, V =
4 kV, and V = 6 kV, respectively). The hysteretic response of
the tested acrylic conically shaped EDF is a rate-dependent ef-
fect which tends to disappear for very slow deformation rates.
The stabilized equilibrium behavior (hereafter referred to as
experimental stabilized equilibrium curve), which is related to
infinitely slow deformation rates [33], is reported in Fig. 9 with
dashed, continuous, and dash-dotted red lines for the activation
potentials V = 0 kV, V = 4 kV, and V = 6 kV, respectively
(these paths have been determined according to the procedure
described by Bergstrom and Boyce [33]).

B. Electromechanical Analytical Model for Conically Shaped
Dielecric Elastomer Films

Providing adequate preconditioning prior to their use, for the
purpose of actuator design, the mechanical response of conically
shaped EDFs (alike those based on the VHB-4905 elastomer)
can be represented by hyperelastic models that capture their sta-
bilized equilibrium behavior only. Of course, for DE actuator
dynamic analysis and control, these reduced hyperelastic models
have to be complemented (for instance, according to the pro-
cedure described by Bergstrom and Boyce [33] and as accom-
plished by Plante [34], [35]) with additional components that
capture the inelastic part of the material response which is due
to primary viscous effects such as strain-rate-dependent hard-
ening, hysteresis, stress relaxation, and creep. Similar model
extensions are also required if temperature-dependent effects
(alike the Gough–Joule effect as well as other dissipative, dam-
age, and healing phenomena) or if secondary long-term relax-
ation effects (such as environment-dependent deterioration of
the elastomer molecular structure) are of relevant interest.

A coupled electrohyperelastic boundary value problem based
on one algebraic and two ordinary differential nonlinear equa-
tions was presented in [36] and adopted for the study of con-
ically shaped EDFs (a similar method was proposed in [37]
and applied for studying the out-of-plane electrically induced
deformation of inflated planar circular membranes). The model
presented in [36] requires a numerical solution routine and is
rather uncomfortable for the purpose of actuator design. Here,
an alternative model is presented which is simpler but nonethe-
less enables fast and accurate representation of the FL curves
of conically shaped EDFs. This simplified model is based on
the assumption that the incompressible EDF is a right circular
conical horn with constant wall thickness in any of its deformed
configurations (whereas, in reality, it is a general circular conical

horn with variable wall thickness as it is assumed both in [36]
and in the finite-element calculations that will be reported in
the following). The electromechanical force Ff (V, x) that an
external user must exert to balance the EDF internal reaction
force can be split as

Ff (V, x) = elFf (x) + emFf (V, x) (3)

where

elFf (x) = dW/dx emFf (V, x) = −dU/dx (4)

are elastic and electric conservative force contributions, W and
U being the elastic and electric energies stored in the EDF. The
electric conservative force emFf (V, x) will be also referred to as
actuation force. Owing to the incompressibility, small relative
thickness (with respect to other dimensions and effective radii of
curvature), and large prestretches of the employed EDFs, from
a macroscopic point of view (i.e., only the practical FL curves
of the EDF are of concern rather than the true EDF stress–strain
state), it can be assumed that the EDF deforms such that its
middle surface coincides with the right circular conical surface
spanning the specimen (actuator) rigid disk and ring (as drawn
in all reported CAD models, in particular, Figs. 1(c) and (d) and
5). Then, according to this simplification, the aforementioned
potential energies can be written as

W = Ψξν (5a)

U =
1
2
χCV 2 (5b)

where

ν = π(r2
M − r2

m )t0 y2
0/y2

1 (6a)

C = εA2/ν (6b)

A = π(rM + rm )
√

x2 + (rM − rm )2 (6c)

Ψ =
1
2

3∑
i=1

Ci(λ2
1 + λ2

2 + λ−2
1 λ−2

2 − 3)i (6d)

λ2 = y1/y0λr (6e)

λ1 = λ2
√

1 + x2/(rM − rm )2 (6f)

ν and C being the volume and the capacitance of the EDF; A,
λ1 , and λ2 being the area and the longitudinal and latitudinal
stretches of the simplified EDF middle surface; λr and ε being
the residual strain and the dielectric permittivity of the acrylic
DE material; Ci (i = 1, 2, 3) being the constitutive parameters
of the Yeoh-type hyperelastic strain-energy-density function Ψ
[38]; while χ and ξ are dimensionless correction factors. From
(3)–(6f), the film force contributions take the expressions

elFf (l) = ξν

[ 3∑
i=1

iCi(λ2
1 + λ2

2 + λ−2
1 λ−2

2 − 3)i−1
]
·

· (λ1λ2 − λ−3
1 λ−1

2 )x/[(rM − rm ))
√

x2 + (rM − rm )2 ]

(7a)
emFf (V, l) = −χxπ2V 2(rM + rm )2ε/ν (7b)
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Fig. 10. Elastic conservative force contributions elFf . Comparison between
theoretical model (th.), FEM analysis, and experimental (exp.) results.

highlighting that the elastic force can be rather nonlinear in the
specimen (actuator) length x, whereas the electric force is linear
and quadratic in the specimen (actuator) length x and activation
voltage V , respectively. Note that the simplifying geometrical
assumption introduced for deriving (13) is as close to reality
as the electric potential difference applied between the EDF
electrodes is large (for instance, compare Fig. 2(c) and (d) and
note that the EDF surface is better approximated to a perfect
right circular conical surface when the actuation voltages are
larger). Validation of the theoretical curves described by (7a)
with the experimental stabilized equilibrium curves is provided
in Fig. 10 for three acrylic conically shaped EDFs having iden-
tical initial thickness (t0 = 1.5 mm) and internal and external
radii (=12 mm and rM = 40 mm) but with different initial film
prestretches (y1/y0 = 2.5, y1/y0 = 3.6, and y1/y0 = 4, re-
spectively). Additionally, Fig. 10 also presents the comparison
of both theoretical and experimental results with the FL curves
obtained via a finite element model (FEM).

The Yeoh constitutive parameters and the residual strain em-
ployed in (7a) and in the FEM are C1 = 30488 Pa, C2 = 151 Pa,
C3 = 8 Pa, and λr = 1.6. The dimensionless correction fac-
tor used in (7a) is ξ = 0.93. For the three different initial film
prestretches, the experimental stabilized equilibrium curves are
found via the apparatus and the procedure that have been em-
ployed in the previous section for obtaining Fig. 9. The FEM
curves are obtained by solving in FEMLAB (by COMSOL) a
large-deformation axial-symmetric model of the experimental
specimen, which uses rectangular Lagrange U2P1 mixed ele-
ment type.

Experimental validation at different activation voltages (for
V varying between 2 and 7 kV) of the theoretical model de-
scribed by (7b) is shown in Fig. 11(a), (b), and (c) for acrylic
conically shaped EDFs having y1/y0 = 2.5, y1/y0 = 3.6, and
y1/y0 = 4, respectively (all featuring t0 = 1.5 mm, rm =
12 mm, and rM = 40 mm). Theoretical curves are obtained for
ε = εrε0 = 4.5 × 8.85e − 12F/m and χ = 0.6. For each initial
film prestretch, the experimental curves relative to the different
activation voltages are generated by subtracting the ON-state-
and OFF-state-stabilized equilibrium curves, which have been
found via the same apparatus and procedure described in the
previous section for obtaining Fig. 9. Figs. 10 and 11 highlight
that despite the fact that the middle surface of real conically

Fig. 11. Electric conservative force contributions em Ff . Comparison between
theoretical model (th.) and experimental (exp.) results.

shaped EDFs features, in general, a nonzero curvature also in its
axial plane [as shown in Fig. 2(c)], the simplified model given
by (7) makes it possible to reliably predict the experimental FL
curves of practical conically shaped EDFs. The only apparent
difference appears in the electric force when the DE is activated
at the largest voltages (V = 7 kV for the cases y1/y0 = 2.5
and y1/y0 = 3.6, and V = 6 kV for the case y1/y0 = 4) which
cause significant EDF wrinkling [for instance, see Fig. 8(b)].
This discrepancy, however, is not a serious issue. Indeed, sig-
nificant wrinkling causes irreversible material damages, such
as selective yielding with accompanied loss of pretension, and
should be avoided to prevent DE elastic properties to become
nonhomogeneous and/or anisotropic. A practical example of a
conically shaped EDF that has been irreversibly damaged after
significant wrinkling is shown in Fig. 12 in an activated planar
configuration. As indicated, in the damaged EDF, two annular
subdomains are present: an internal one (where wrinkling oc-
curred and remains), which is softer, and thus, no longer able to
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Fig. 12. EDF irreversibly damaged.

stand even modest electric potential differences, and an external
one, which maintains the original elastic properties, and thus, is
able to stand larger electric potential differences.

Wrinkling is due to the negligible flexural rigidity of EDFs
which makes them unable to stand the compressive stresses
induced by electrical activation. The necessary and sufficient
condition [39] for wrinkling to occur in incompressible elastic
EDFs subjected to an electric potential difference V is whenever
one of the two principal (longitudinal and latitudinal) elastic
Cauchy stresses, elσj = λj ∂Ψ/∂λj (j = 1, 2), becomes smaller
than the electromagnetic Cauchy stress emσ = εE2 , where E =
λ2

rλ1λ2V/t0 is the electric field crossing the EDF. By noting that
the longitudinal elastic Cauchy principal stress is always larger
than the latitudinal one, the theoretical condition for wrinkling
to occur is

V ≥

t0

√
(λ2

2 − λ−2
1 λ−2

2 )
∑3

i=1 iCi(λ2
1 + λ2

2 + λ−2
1 λ−2

2 − 3)i−1
/
ε

λ2
rλ1λ2

(8)

which yields V ≈ 6 kV, V ≈ 4.8 kV, and V ≈ 4.6 kV as lim-
iting electric potentials (at x = 40mm) for the cases y1/y0 =
2.5, y1/y0 = 3.6, and y1/y0 = 4, respectively. These values are
in good agreement with those experimentally measured (i.e.,
V = 5.8 kV, V = 5.1 kV, and V = 4.8 kV, respectively). De-
spite the fact that the simplified analytical model given by (7)
is capable of capturing the global electromechanical behavior
of practical EDFs, caution needs to be exercised instead if local
information, such as deformed shape and effective stretches, are
required. In particular, local information on effective stretches
is important to check for other modes of failure [35] that alike
wrinkling may irreversibly compromise actuator functioning.
Comparison between simplified model and FEM-calculated de-
formed shapes x′ (axial cross section) and principal stretches of
an acrylic conicallyshaped EDF with y1/y0 = 4 in its OFF-state
are reported in Figs. 13 and 14 for x varying between 0 and
40 mm with 10 mm step increment. Note that the shapes of the
FEM-calculated principal stretches are in good agreement with
those reported in [36].

In particular, Fig. 14(a) and (b) highlights that (6e) and (6f)
only provide estimates of the effective EDF principal stretches.
However, an FEM analysis campaign enables to find the follow-

Fig. 13. Comparison between simplified-model and FEM-calculated de-
formed EDF shapes x′.

Fig. 14. Comparison between simplified-model and FEM-calculated principal
stretches λ1 and λ2 .

ing analytical relations:

λ∗
1 = λ1 − 0.3 + 70x − 770x2 (9a)

λ∗
2 = λ2 (9b)

between the estimates λ1 and λ2 given by (6e) and (6f) and
the local maximum values λ∗

1 and λ∗
2 (all the constants in (9a)

being expressed in SI units) of the effective longitudinal and
latitudinal principal stretches which occur together, for a given
x, in the vicinity of the rigid disk as Fig. 14(a) and (b) show.
Comparison between (9a) and the FEM analysis is reported in
Fig. 15, which highlights excellent agreement irrespective of the
initial EDF prestretch y1/y0 .

This analytical relation is important since, as also indicated
in [36], the knowledge of the largest local stretches enables
easy check for conditions of mechanical fracture and electric
breakdown of conically shaped EDFs.



 

BERSELLI et al.: OPTIMAL SYNTHESIS OF CONICALLY SHAPED DIELECTRIC ELASTOMER LINEAR ACTUATORS 75

Fig. 15. Comparison between (9a) and FEM analysis.

In particular, practical expressions identifying these condi-
tions of EDF failure are, respectively,

λ∗
1max ≥ λbr (10)

λ∗
1maxλ

∗
2λ

2
rVmax/t0 ≥ Ebr (11)

where λ∗
1max is the maximum longitudinal stretch value

(achieved by λ∗
1 when the actuator length x is maximal), λbr

and Ebr being the ultimate stretch [40] and the ultimate electric
field at break of the employed DE material (λbr = 6 and Ebr =
140 MV/m for the VHB-4905). Note that, among all the possi-
ble modes of failure, electromechanical instability has not been
considered here for conically shaped EDFs since, according to
the authors’ experience as well as due to the analytical results
by others [36], this failure is likely to be less preeminent than
mechanical fracture, wrinkling. and electrical breakdown. Be-
sides, it should be noticed that electromechanical instability is
the only mode of failure which depends on the employed ac-
tivation strategy (i.e., a voltage-controlled DE actuator is more
prone to electromechanical instability than a charge-controlled
one) and on the conceived control scheme (a suitable feedback
controller may be devised to stabilize the electromechanically
unstable DE actuator).

C. General Remarks on the EDF Models

Let us define xb and xf as the initial and final actuator length
(δ = xf − xb , being the actuator stroke), and the actuation force
relative error as eT = [max(emFf (x))/min(emFf (x)) − 1],2

where both the maximum and the minimum are evaluated in
the range xb ≤ x ≤ xf . The actuation force is given by (7b).
Considering the EDF parameters as fixed and given a maximum
actuation voltage Vmax , we have

eT = emFf (Vmax , xf )/emFf (Vmax , xb) − 1 = δ/xb (12)

where it can be seen that the actuation force relative error de-
pends on δ and xb ; in particular, it is null for actuators presenting
either a null stroke or large initial actuator length. However, for
a given stroke, higher xb signifies higher actuator dimensions.
Note that, a possible way to keep eT = 0 is by adjusting the
activation voltage so that

V 2 = emFf ν/χxπ2(rM + rm )2ε (13)

2In the following, max[f (x)] will identify the maximum of f (x) within
xb ≤ x ≤ xf .

where emFf is the desired actuation force.3 However, in this
case, the information about the actual DE position x must be ob-
tained with appropriate sensory systems (or, by using the meth-
ods described in [41]) and then fed back to a voltage controller.
Obviously, the electric supply should be capable of regulating
the voltage.

V. ANALYTICAL MODEL DEVELOPMENT FOR THE

SLIDER–CRANK-COMPLIANT MECHANISM

The FL curve concerning a compliant mechanism can be
found by the PRBM using either the principle of virtual work or
the free-body diagram approach [30]. Supposing the pin joints
being torsional linear springs, the torques due to the deflection of
the springs are Ti = −KiΨi , where, with reference to Fig. 6(a),
Ki , i = 1, 2, 3 are the pivot torsional stiffness to be designed and
Ψ1 = ϑ1 − ϑ10 , Ψ2 = ϑ3 − ϑ30 − ϑ1 + ϑ10 , Ψ3 = ϑ3 − ϑ30 .
The following relationships are found from the position analysis
of the mechanism:

ϑ3 = π − asin
(r1 sin(ϑ1) − e

r2

)
(14a)

x = r1 cos(ϑ1) − r2 cos(ϑ3) (14b)

α = atan
(

e

x

)
. (14c)

Note that, if the compliant mechanism is formed from a mono-
lithic piece, (20) relates ϑ30 and ϑ10 . From the static analysis of
the overall compliant frame having three equal legs, the follow-
ing FL relationship can be obtained:

Fs = 3F1 + 3F2 + 3F3 (15)

where

F1 = K1Ψ1cos(ϑ3)/r1sin(ϑ3 − ϑ1) (16a)

F2 = K2Ψ2cos(α)/r1sin(ϑ1 − α) (16b)

F3 = K3Ψ3cos(ϑ1)/x sin(ϑ1) − e cos(ϑ1). (16c)

Let us define the variable K12 = K1/K2 and the function Ξ =
Ξ(K12 , r1 , r2 , θ10) such that

F12 = K1Ξ (17)

where

Ξ =
Ψ1cos(ϑ3)

r1sin(ϑ3 − ϑ1)
+

K12Ψ2cos(α)
r1sin(ϑ1 − α)

. (18)

This expression will be useful when designing the CSCM such
that F12 is quasi-constant along a given range of motion (see
next section).

VI. DESIGN PROCEDURE AND ACTUATOR OPTIMIZATION

A general design methodology is derived which makes it
possible to optimize conically shaped dielectric–elastomer lin-
ear actuators for known materials and desired force/stroke
requirements.

3In the following, the desired value of f (x) will be indicated as f (x).
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A. Design Variables

The actuator available thrust, Fa , is given by (1). The over-
all actuator design depends on numerous parameters, some of
which are defined by the application requirements whereas some
others are left free to the designer.

When a DE material is chosen, the dielectric constant ε, the
constants Ci, (i = 1, 2, 3), the electric field at break Ebr , the
residual stretch after DE preconditioning λr , and the ultimate
stretch at break λbr are given.

It is supposed that the actuator size, rM and rm , is given
(as determined by the application requirements) along with the
actuator initial and final positions xb, xf (δ = xb − xf being
the desired actuator stroke).

The designer can specify the thrust profile Fa at one given
voltage (for instance, V = 0 or V = Vmax or V = Vmax/

√
2).

Usually, it is wiser to specify F
OFF
a = Fa(x, 0), which only

depends on the actuator elastic properties since FON
a (x, V )

is controllable to a certain extent by means of the applied
voltage. At last, the minimum force difference ΔFa be-
tween FOFF

a (xb, 0) and FON
a = Fa(xb, Vmax) must be defined.

Note that, as long as the frame is a passive elastic element,
ΔFa(x, V ) = emFf (x, V ).

Variables that are unknown at this stage are:
1) The initial EDF dimensions y0 , t0 . Due to the production

techniques of the DEs (which are either purchased as thin
films or obtained by injection molding), it is likely that
the film thickness t0 cannot be chosen at will. However, a
stack of insulating films can be used to form a single EDF.
Therefore, it will be assumed that t0 ∈ I, I being a given
set of integer numbers, whereas y0 is completely left free
to the designer.

2) The EDF prestretch in the radial directions y1/y0 and the
maximum actuation voltage Vmax . It should be underlined
that prestretch in some direction is necessary for the EDF
not to wrinkle under actuation. In addition, prestretch in-
creases the breakdown strength of EDFs, thereby improv-
ing actuator performance [3], [35]. At last, the effect of
prestretch is to alter the EDF dimensions making it thinner
and wider, and therefore, increasing emFf (x, Vmax) (see
(6a)–(7b)). Therefore, prestretch should be kept as high as
possible.

3) Concerning the CSCM used to correct the actuator stiff-
ness, every kinematic and structural variable is still
unknown.

In summary:
1) Given data:

a) Material properties.
i) DE mechanical properties: Ci, (i = 1, 2, 3);

ii) DE stretch at break: λbr ;
iii) Residual stretch after DE preconditioning: λr ;
iv) DE dielectric constant: ε;
v) Electric field at break: Ebr ;

b) Application requirements.
i) Actuator dimensions rM = y1 and rm ;

ii) Actuator initial and final position (and desired
stroke): xb , xf ;

iii) Desired thrust profile at a given voltage: Fa

iv) Desired actuation force: ΔF a = emFf at x =
xb .

2) Design variables:
a) EDF parameters.

i) EDF initial dimensions: y0 , t0 , where t0 ∈ I;
ii) Amount of prestretch: y1/y0 ;

iii) Maximum actuation voltage: Vmax .
b) Frame parameters.

i) Links length and dimensions: r1 , r2 ;
ii) Flexural pivot dimensions: Ki, i = 1, 3 and

θ10 .

B. Design Procedure

The design procedure comprises two steps: first, the deter-
mination of the EDF geometrical parameters, and, second, the
design of the flexible frame.

1) Determination of the EDF geometrical parameters
a) Given a suitable safety factor φλ to avoid mechanical

break, using (6e), (6f), and (9), find the initial EDF dimen-
sions, y0 (and thus, prestretch, y1/y0)

λ∗
1max = φλλbr ⇒

y0 =
y1

√
1 + x2

f /(rM − rm )2

λr (0.3 − 70xf + 770x2
f + φλλbr)

. (19)

b) Given y0 , using (8), find the electric field at wrinkling, Ew

Ew =

√√√√(λ2
2 − λ−2

1 λ−2
2 )

3∑
i=1

iCi(λ2
1 + λ2

2 + λ−2
1 λ−2

2 − 3)i−1
/
ε

(20)
the stretch λ1 being evaluated at the position x = xf .
Given a suitable safety factor to avoid electrical break
φel , define the limiting electric field El as the minimum
value between Ew and φelEbr .

c) Given El and the desired actuation force ΔFa , using (6a),
(6e), (6f), and (7b), find the EDF initial thickness t0

t0 =
ΔFa [(rM − rm )2 + xf

2 ]y1
2

χxbπεEl
2(rM

2 − rm
2)y2

0
. (21)

Choose t0
∗ ∈ I such that t0

∗ ≥ t0 .
d) Given t0

∗, the maximum actuation voltage is

Vmax = Elt0
∗/λ1λ2λ

2
r (22)

the stretch λ1 being evaluated at the position x = xf .
2) Design of the flexible frame
a) Impose the UEP at a point x such that xb ≤ x ≤ xf . The

imposition of the UEP at a given x constrains the dimen-
sion of either r1 or r2 , for instance

r2 =
√

(r1 − e)2 + x2 . (23)

b) Considering (23), the frame force due to the torsional
springs K1 ,K2 is given by

F1,2 = K1Ξ(K12 , r1 , θ10). (24)
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Use multivariable optimization [30] to find K12 , r1 , θ10
which minimize:

I = max Ξ/min Ξ (25)

subject to

K12 ≥ 0; 0 < r1 < rM ; θmin
10 ≤ θ10 ≤ θmax

10 . (26)

The variable K12 and the connecting rod length r1 are
constrained to be positive, r1max = rM being imposed by
the application constraints. At last, θ10 is allowed to vary
in the range [θmin

10 , θmax
10 ] only, in order to avoid excessive

deflections of the elastic joints.

c) Given the desired thrust profile F
OFF
a and F

OFF
f (x), find

K1 such that

F1,2 + F
OFF
f (x) ≈ 0. (27)

Given K12 and K1 , then K2 = K12K1 .
d) Given the desired frame stiffness Ks (e.g., Ks =

−KOFF
f ), find K3 such that

dF3/dx + Ks ≈ 0. (28)

e) Given the values of Ki, i = 1, 2, 3, the designer can find
the flexure dimensions. Supposing, for instance, the flex-
ures are straight beam hinges with rectangular cross sec-
tion, then Ki = Y Ia i

Li
, where Y is the frame material Young

modulus, Li is the length of the small-length flexural pivot,
and Iai

= hi
3 bi

12 is the moment of inertia of the pivot cross-
sectional area with respect to the axis ai (hi and bi denotes
the pivot thickness and width, respectively, whereas ai is
the barycentric axis parallel to the width direction).

VII. CASE STUDIES

A. Single-Acting Constant-Force Actuator

The objective of the present case study is to design a single-
acting constant force actuator (Case 1, Section II).

1) Given data:
a) Material properties:

C1 =30 488 Pa, C2 =151 Pa, C3 = 8 Pa, λbr = 6,
λr = 1.6, φλ = 0.8, ε = 4.5 8.85e-12 F/m, Ebr =
140MV/m, φel = 0.9;

b) Application requirements and Circuitry param-
eters:
y1 = 40mm, xb = 20mm, xf = 30mm, F

OFF
a =

0N, ΔFa = 0.8N;
2) Design variables:

a) impose e = 28mm, x = xb

b) EDF parameters:
y0 = 9.9mm ≈ 10mm, y1/y0 = 4, t0 = 1.5mm,
Vmax = 5.1 kV

c) Frame parameters.:
r1 = 20.9mm, r2 = 21.2, e = 28mm, θ10 = 42◦

K1 = 0.0095N·m/rad, K2 = 0.006N·m/rad,
K3 = 0.047N·m/rad.

Fig. 16(a) shows the EDF FL profile and the moduli of
the forces F1 , F2 , and F3 [as calculated via (15)] in order

Fig. 16. Single-acting constant-force actuator. Characteristic plots. (a) FL
relationship showing the film force Ff and the contribution of forces F1 , F2 ,
F3 (shown in moduli) on the overall frame force Fs (found via PRBM). (b) FL
relationship showing film force Ff and frame force modulus |Fs | (PRBM and
experimental). (c) EDF FL relationship and overall actuator FL relationship.
Stroke xf − xb = 10 mm. (d) EDF FL relationship and overall actuator FL
relationship. Stroke xf − xb = 20 mm.
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TABLE I
FLEXURE DIMENSIONS

Fig. 17. EDF FL relationship and overall actuator FL relationship. Minimum
thrust variation (Case 3, Sec. II).

to highlight their contribution to the overall frame force Fs .
In Fig. 16(b), the modulus of the frame force |Fs | (found via
PRBM) and the stabilized film forces FON

f , FOFF
f (found by

experiments) are plotted as a function of the actuator length x.
The frame behavior is as expected: the modulus of the frame
force is parallel to the EDF force FOFF

f for a relevant part of
the stroke and it coincides with FOFF

f at x = x̄. Concerning the
frame material, it must be mentioned that the achievement of
high strains without overcoming the material yield strength Sy

requires a material with a high Sy/Y ratio [30].
Selecting Sandvik 11R15 (Y = 180 000 MPa, yield strength

69 MPa) as the flexure material and shaping the hinges as simple
leaf springs, obtained from steel sheets of the desired thickness,
led to flexure dimensions as reported in Table I.

The frame response has been experimentally evaluated (start-
ing from a single leg) using the test setup shown in Fig. 8(c).
As depicted in Fig. 16(b), the experimental results show good
agreement with the behavior predicted by the PRBM. Fig. 16(c)
shows the experimental overall actuator available thrust Fa . The
actuator thrust in the OFF-state is approximately constant (about
0 N) over the range 20–30 mm (in this range, a maximal devi-
ation by 0.01 N is admitted) whereas the actuator thrust in the
ON-state is a quasi-linear curve. Note that, if a higher maxi-
mal deviation is admitted (0.04 N), the actuator stroke can be
increased in the range 10–30mm [Fig. 16(d)].

B. Bidirectional Actuator With Minimum
Available Thrust Variation

The objective of the present case study is to design an optimal
bidirectional actuator (Case 3, Section II). EDF dimensions are
the same as in the previous case study. The only parameters that
change are K1 = 0.0074 and K3 = 0.042. Fig. 17 shows the
theoretical overall actuator available thrust Fa .

VIII. CONCLUSION

A novel procedure for the optimization of conically shaped
dielectric–elastomer-based linear actuators has been presented.
The actuators are obtained by coupling a conically shaped EDF
and a compliant frame. The proposed frame is used to modify
the actuator output so as to obtain a desired profile of the actuator
available thrust. The procedure makes it possible to design both
EDF and frame, and to develop improved actuators with desired
force/stroke requirements. Two case studies have been presented
and validated by simulations and experimental results.
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